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I. INTRODUCTION
Set invariance plays a fundamental role in control [1] . The focus of this note is on the minimal robust positively invariant (mRPI) set, also often referred to as the 0-reachable set [2] , i.e., the set of states that can be reached from the origin under a bounded state disturbance. The mRPI set is important for performance analysis and synthesis of controllers for uncertain systems [1, Secs. 6.4-6.5] and for computing the maximal robust positively invariant (MRPI) set [3] . Set invariance is fundamental in the synthesis of reference governors [4] , [5] and predictive controllers [6] - [9] with guaranteed invariance, stability and convergence properties. The mRPI set is also a suitable target set in robust time-optimal control [10] - [13] and plays an integral part in a novel robust predictive control method, recently proposed in [14] .
Despite the wide-spread use of the mRPI set in control, there are still a number of unresolved issues. As pointed out in [1, Secs. 6.4-6.5] and the survey paper [2] , one of the more important outstanding problems is how to compute an exact representation of the mRPI set. To the best of our knowledge, the only results that allow for the exact computation of the mRPI set are given in [13, Th. 3] and [15, Sec. 3.3] , where the restrictive assumption is made that the system dynamics are nilpotent.
For the more general case, where the dynamics are not nilpotent, it is only possible to compute an approximation to the mRPI set and the reader is referred to [1, Secs. 6.4-6.5] and [2] for a review of methods on how this can be achieved. However, though these methods allow for the approximation of the mRPI set, they do not allow for the computation of an invariant approximation to the mRPI set. Since reference governors, predictive controllers, and time-optimal controllers use invariant sets, it is important that the approximation of the mRPI set be invariant. The approximation methods reviewed in [1, Secs. 6.4-6.5] and [2] are clearly inadequate for our purpose. Hence, the aim of this note is to provide a solution to this problem by providing a number of new results that allow for the computation of a robust positively invariant approximation of the mRPI set. We also give results that allow This note is organized as follows. Section II is concerned with definitions, existing results and the problem formulation. Section III deals with the problem of calculating a robust positively invariant (RPI) approximation of the mRPI set for linear systems with bounded state disturbances. Section IV shows how the results can be implemented efficiently if the disturbance set is a polytope; an illustrative example is also provided. Finally, Section V presents some conclusions. In order to keep the presentation as transparent as possible, all proofs are given in the Appendix. A more detailed exposition and extension of the results in this note can be found in the technical report [16] .
NOTATION 
II. PRELIMINARIES AND EXISTING RESULTS
We consider the following autonomous discrete-time linear time-invariant (DLTI) system:
where x 2 n is the current state, x + is the successor state, and w 2 n is an unknown disturbance. We make the standing assumption that A 2 n2n is a strictly stable matrix (all the eigenvalues of A are strictly inside the unit disk). The disturbance w is contained in a convex and compact set W n that contains the origin. Since the system is time-invariant, current time can always be taken to be zero. We denote by (k; x; w(1)) the solution to (1) at time instant k, given that the initial state (at time 0) is x and the infinite disturbance sequence is w(1) 1 = fw(0);w(1);. . .g.
First, we recall the following well-known definition [1] .
Definition 1 (RPI Set):
The set n is a robust positively invariant (RPI) set of (1) Given a set X, the solution satisfies (k; x; w(1)) 2 X at all time instants k 2 and for all allowable disturbance sequences w(1) 2 MW if and only if there exists an RPI set that is contained in X and the initial state x is in [1] .
Definition 2 (Minimal RPI Set):
The mRPI set F1 of (1) is the RPI set in n that is contained in every closed RPI set of (1).
It is possible to show [3, Sec. IV] that the mRPI set F 1 exists, is unique, compact and contains the origin and that the zero initial condition response of (1) is bounded by F 1 , i.e. (k; 0; w(1)) 2 F 1 for all w(1) 2 M W and all k 2 . It follows, from linearity and asymptotic stability of (1), that F1 is the limit set of all trajectories of (1).
In order to quantify a "good" approximation, we introduce the following definition.
Definition 3 ("-Approximations):
Given a scalar " > 0 and a set n , the set 8 n is an outer "-approximation of if 8 8 n p (") and it is an inner "-approximation of if 8 8 
n p (").
For all s 2 + , let the (convex and compact) set F s be defined by 
III. APPROXIMATIONS OF THE MINIMAL ROBUST POSITIVELY INVARIANT SET
In this section, we address the problem of computing an RPI, outer approximation of the mRPI set F1 when A is not nilpotent. We also address the problem of computing an RPI, outer "-approximation of the mRPI set F 1 for a given " > 0.
Before proceeding, we make a clear distinction between the results reported in the recent conference paper [17] and this note. By applying the standard algorithm of [3] , the authors of [17] propose to compute the maximal robust positively invariant set (MRPI) contained in (1 + ")F s , for a given " > 0 and s 2 . This set, if nonempty, is an RPI, outer approximation of the mRPI set F 1 . For a given " > 0, the algorithm is based on incrementing the integer s until the MRPI set contained in (1+")F s is nonempty. This recursive calculation is necessary, since the authors clearly state in [17, Rem. 6 ] that they do not have a criterion for the a priori determination of the integer s such that the MRPI set contained in (1 + ")F s is nonempty. In contrast to this method, we propose to compute an RPI, outer approximation of the mRPI set F1 by first computing a sufficiently large s, computing Fs and scaling the latter by a suitable amount. The proposed method does not rely on the computation of MRPI sets and thus is simpler and probably more efficient than the procedure reported in [17] . Our first result is as follows. 
If (4) is satisfied, then
is a convex, compact, RPI set of (1). Furthermore, 0 2 int(F(; s)) and F1 F (; s).
It is easy to develop and implement an algorithm based on Theorem 1. If W is a polytope, standard "off-the-shelf" optimization and computational geometry software may be used (See Section IV).
Clearly, F (; s), as defined previously, is an RPI, outer approximation of the mRPI set F1. However, the former could be a very poor approximation of the latter. Therefore, we proceed to address the question as to whether, in the limit, F (; s) tends to the true mRPI set F 1 (8) holds (see Section IV). It is straightforward to develop a conceptual algorithm based on Theorem 3. Note that (4) provides a lower bound on such that F (; s) is guaranteed to be RPI and contain F 1 . In addition, the conditions (7) and (8) give an upper bound on such that F (; s) is guaranteed to be an outer "-approximation of F 1 . The reader is referred to Algorithm 1 in Section IV for more details.
A whole collection of RPI, outer "-approximations of the mRPI set F 1 can be computed; the complexity of F (; s) is highly dependent on the eigenstructure of A and the description of W . However, for a given error bound ", it is usually a good idea to find the smallest value of the integer s for which there exists an 2 [0; 1) such that (4) and (8) hold. This is because, for a given , a lower value of s generally results in a lower complexity for the description of F (; s). In contrast, for a given s, the value of does not affect the complexity of F (; s).
Remark 2 (Origin is in the Relative Interior of W ):
The results in this section can be extended to the more general case when the interior of W is empty, but the relative interior of W contains the origin (see [16] ).
IV. EFFICIENT COMPUTATION IF W IS A POLYTOPE
This section presents results that allow for the efficient computation of a priori upper bounds for the conditions presented in (4) and (8) to hold. In particular, results are given that allow one to test whether or not Fs is contained in a given polyhedron X without having to compute F s explicitly. The interested reader is referred to [1] , [3] and [16] for information on the methods used to derive the results in this section.
The support function [3] s)) is easily computed using standard computational geometry software for computing the Minkowski sum of polytopes, such as [19] and [20] . 
It is also possible to check whether the set Fs is contained in a given polyhedron X 1 = fx 2 n jc T j x d j ; j 2 Jg, where c j 2 n , d j 2 and J is a finite index set, without computing F s explicitly F s X () 
where ej is the j th standard basis vector in n . If 2 (0; 1), then (8) is equivalent to F s 01 (1 
straightforward algebraic manipulation yields Clearly, (11) is an easily-computed lower bound and (14) is an easily computed upper bound on such that F (; s) is an RPI, outer "-approximation of the mRPI set F 1 . We are now in a position to put together a prototype algorithm for computing an RPI, outer "-ap- Fig. 1 together with the set F (1:9 1 10 05 ; 10) for which it was required that " = 5 1 10 05 [see (8) ]; it is clear that the sequence fFsg is a monotonically nondecreasing sequence and it converges to F 1 and that F (1:9 1 10 05 ; 10) is a sufficiently good approximation of F 1 , i.e., F (1:9 1 10 05 ; 10) satisfies that F 1 F (1:9 1 10 05 ; 10) F1 8 2 1 (5 1 10 05 ) .
V. CONCLUSION
The reported novel results complement existing results and permit the efficient computation of an RPI, outer approximation of the minimal robust positively invariant set and allow one to specify a priori the accuracy of the approximation. The presented results can be exploited in the design of robust reference governors, predictive controllers and time-optimal controllers for constrained, linear discrete-time systems subject to additive, but bounded disturbances. 
APPENDIX
where d(z; Z) 1 = inf y2Z kz 0 yk p .
We also need the following intermediate result [16] . 
